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Abstract: In this paper we discuss the problem of finding the number of zeros of a polynomial in a given circle 
when the coefficients of the polynomial or their real or imaginary parts are restricted to certain conditions. Our 
results in this direction generalize some well- known results in the theory of the distribution of zeros of 
polynomials. 
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I. Introduction and Statement of Results 

In the literature many results have been proved on the number of zeros of a polynomial in a given circle. 
In this direction Q. G. Mohammad [5] has proved the following result: 

QO 

Theorem A: Let P(z) = ^ a-Z J be a polynomial o f degree n such that 
a n >a n _ x > >a x >a Q >0, 

Then the number of zeros of P(z) in \z\ < — does not exceed 

1 1 2 

1 + — log^. 
log 2 a Q 

K. K. Dewan [2] generalized Theorem A to polynomials with complex coefficients and proved the following 
results: 

00 

Theorem B: Let P{z) = ^ a. Z j be a polynomial o f degree n such that Re(a y ) = a j7 Im(a y ) = and 

j=o 

a n >a n _ x > >a, >a 0 >0, 

Then the number of zeros of P(z) in \z\ < — does not exceed 

1 1 2 

1 + — log ^=^- 

log 2 |a 0 | 

00 

Theorem C: Let P(z) = ^j a jZ J be a polynomial o f degree n with complex coefficients such that for some 
real a, {3 , 

I I n 

\w<ga j - P\<a<— J = 0,1,2, ,n 

and 

KI^K-i|^ ^N^hl ■ 

Then the number f zeros of P(z) in \z\ < — does not exceed 



log 2 



\a n |(cos a + sin a + 1) + 2 sin |a . | 
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The above results were further generalized by researchers in various ways. M. H. Gulzar[4] proved the 
following results: 

00 

Theorem D: Let P(z) = ^ a } Z ' be a polynomial o f degree n such that Re(« 7 ) = a j7 lm{a ■ ) = J3j and 
for some real numbers A,p> 0,0 < r < 1,1 < k < ft, Ct n _ k ^ 0. 

If OL n _ k _ x > OC n _ k , then the number f zeros of P(z) in |z| < 8,0 < 8 < 1 , does not exceed 

n 

2 P + 1«„ | + a n + (A - \)a n _ k + l\\a n _ k \ - r(\a Q \ + a 0 ) + 2\a 0 \ + 2^ \p } , 

1 , j=0 



log — 
8 



lo 



and if OC n _ k > OC n _ k+l , then the number f zeros of P(z) in | z| < c> ,0 < 8 < 1 , does not exceed 



2p + \a n \ + a n +(l- X)a n _ k + |l - A||a„_ t | - r(|a 0 1 + a 0 ) + 2|a 0 1 + 2^ |/? . 
1 i„„ J=° 



a 



log 



"o 



Theorem E: Let P(z) = ^j a jZ j be a polynomial o f degree n with complex coefficients such that for some 
real a, ft , 

I I n 

jarga^. - fi\ < a < — , j = 0,1,2, ,n 

and 

\p + a n I ^ k-i I ^ ^ |fl„-* + i I * *k-* I ^ k-*-i I ^ k 1 ^ +o I - 

for some p > 0, X > 0,1 < < n, a n _ k * 0,0 < T < 1 . 

If k-*-i| > k-* > 1 > then the number of zeros of P(z) in |z| ^ C>,0 < ^ < 1, does not exceed 

1 M, 
lo Sl — T - 



log — 
8 



\ a o\ 



where 

Mj = (p + |a n |)(cos a + sin a + 1) - |a B _ t |(cos a - sin a - X cos a-/lsina-/l + l) 

n-l 

- r|a 0 |(cos a - sin a + 1) + 2|a 0 1 + 2 sin a ^|a,.| , 

j=Uj*n-k 

and 

^ k-t | > k-*+i \i- e -^ < 1 > then the number of zeros of P(z) in |z| < ^,0 < £ < 1 , does not exceed 

1 . M 9 
log 



, 1 

log — 

8 



where 

M 2 = (p + \a n |)(cos a + sin a + 1) + |a B _ t |(cos a + sin a - 1 cos a + A, sin a - /L + 1) 

n-l 

- r|a 0 |(cos a - sin a + 1) + 2|a 0 1 + 2 sin a ^|a,.| , 



j=l,j*n-k 
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In the present paper , we find bounds for the number of zeros of P(z) of the 

above results in a circle of any positive radius. More precisely, we prove the following resuls: 

00 

Theoreml:Let P(z) = ^ a^Z J be a polynomial o f degree n such that "Re{a j ) = CC j , Im(a y ) = and 

7=0 

P + a n > a n-x * a n _ M > Aa n _ k > a n _ k _ x > a, > ra 0 , 

for some real numbers A,p> 0,0 < T < 1,1 < k < n, Ct n _ k ^ 0. . 

^ a n -k-i > a n-k > tnen tne num ber f zeros of P(z) in |z| < — (R > 0, C> 1) , does not exceed 

C 



1 , 
■log 



ft 

R n+1 [2p + \a n \ + a n +(A- \)a n _ k + \A - l\\a n _ k \ - r(\a 0 \ + a 0 ) + 2\a 0 \ + 2]T I] 



7=0 



logc " \a 0 \ 

for R > 1 

and 



1 , 
-log 



h I + R t 2 P + \<*„\ + a n +(A- \)a n _ k + \\a n _ k \ - r(\a Q \ + a Q ) + \a Q \ + \j3 0 \ + 2^ \Pj |] 

7=0 



logc \a 0 \ 

for R<1. 

^ a n-k > a n-k+\ > tnen tne num t> er f zeros of P(z) in z < — (R > 0, C > 1) does not exceed 

C 



1 log 



R " +1 [2p + \a n \ + a n +(\- X)a n _ k + |l - X\a n _ k \ - r(|« 0 1 + a 0 ) + 2\a Q \ + 2]T \p. I] 



7=0 



logc \a 0 \ 

for R > 1 

and 



' log 



K | + R l 2 P + K | + «„+(! - ^)a„-t + 1 1 " ^|a„_* | " «"(|«o I + «o ) + |«o I + 1 A I + 2 S 1^7 1] 

7=0 



logc \a 0 \ 

for R < 1 . 

Remark 1: Taking R=land C — — ,0<S < 1 , Theorem 1 reduces to Theorem D. 

If the coefficients a ■ are real i.e. f5 ■ — 0, V/ , then we get the following result from Theorem 1: 

GO 

Corollary 1: Let P(z) = ^ a -Z 1 be a polynomial o f degree n such that Re(a > ) = , Im(a ^ ) = and 

7=0 

P + a n^ a n-i * a n _ k+1 >Aa n _ k >a n _ k _ x >a x >m 0 , 

for some real numbers A,,p> 0,0 < T < 1,1 < k < n, a n _ k ^ 0. . 

If tt n _ k _\ > Cl n _ k , then the number f zeros of P(z) in Ld < — (i? > 0, C > 1) does not exceed 

C 



1 /?" +1 [2p + [ 


a 


+ a n + (A - \)a n _ k + \A - 1| 


| ra — Jfc 


-r(a 0 


+ <3 0 ) + 2a 0 


logc 


«0 





for i? > 1 
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and 



1 wJ 


a 0 \ 


\ + R[2p + \ 


kl 


+ a n + (A- \)a 


n—k 


+ \A-l\\a n _ k \ 




\ + a Q ) + \ 


"o 


logc 







for R<1. 

^ a n-k > a n-k+\ > tnen tne num ber f zeros of P(z) in |z| < — (R > 0, C > 1) does not exceed 



1 /T +1 [2p + [ 


kl 


+ a„ +a-A)a B _ t +|l-A|a B _ t | 


- r( K 


+ a 0 ) + 2a 0 


logc 


"ol 





for i? > 1 

and 



1 wJ 


«o! 


+ i?[2yO + 


kl 


+ a n + (1 - 




+ 


|1-A| 


\a , 

1 n—k 


\- T (\ a o\ 


+ <2 0 ) + 


"o 


logc 


«0 





for i? < 1 . 

Applying Theorem 1 to the polynomial -iP(z) , we get the following result: 

CO 

Theorem 2: : Let P(z) = ^ a jZ J be a polynomial o f degree n such that Re(« 7 ) = CC j7 Im(a y ) = ft ■ and 

7=0 

P+J3 n >^> J3 n _ k+i > Xfi n _ k > fi M > A > r/? 0 , 

for some real numbers A,p> 0,0 <T <l,l< k <n, /3 n _ k ^ 0. . 

If > > then the number f zeros of P(z) in Z < — (/? > 0, C> 1) does not exceed 

c 



1 , 

log 



R " +1 [2p + \fi n | + /?„ + (A - \)P n _ k l\\/] n _ k | - r(|/? 0 | + /? 0 ) + 2|/? 0 | + 2j\a j |] 



logc 

for i? > 1 

and 



' - lo£ 



i 0 1 + R[2p + \p n \ + p n+ {A- \)P n _ k l\\p n _ k | - r(\p 0 \ + P 0 ) + \P Q \ + \a 0 \ + 2Y J \a j \] 



logc \a 0 \ 

for R < 1 . 

^ Ai-* > fln-k+i ' tnen tne num ber f zeros of P(z) in Id < — (R > 0, C > 1) does not exceed 

c 



1 , 

-log 



R " +1 [2p + \p n | + /?„+(!- /l)/?„_, + |1 - A\P n _ k I - r(|/? 0 \ + fi 0 ) + 2|/? 0 1 + 2^ | a . |] 



logc |a 0 | 

for i? > 1 

and 

a Q | + fl[2p + \fi n | + /?„ + (1 - X)f3 n _ k + 11 - A|| | - r(| /? 0 1 + J3 0 ) + \jB 0 1 + |a 0 1 + 2£ |«,- 1] 



7^— log j— 

log c \a 0 



for i? < 1 . 
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Theorem 3: Let P(z) = ^j a jZ j be a polynomial o f degree n with complex coefficients such that for some 
j=o 

real a, /? , 

fvga. - 0\ < a < — , j = 0,1,2, ,n 

and 

\p + a n \> \a n _, | > > \a n _ k+l \ > X\a n _ k \ > \a M \ > \a x \ > r\a Q \ , 

for some p > 0, X > 0,1 < k < n, a n _ k ^ 0,0 < T < 1 . 

If \ a n-k-i > \ a n-k \i- e -X > 1 , then the number of zeros of P(z) in Z < — (R > 0, C> 1) , does not exceed 

C 

1 M 3 
log 



logc \a 0 \ 
where 

M 3 = i?" +1 [(|/?| + |a n |)(cosa + sin a + 1) -\a n _ k \(cosa - sin a - /I cos a - /Isinar - X + 1) 

n-l 

- r\a 0 |(cos a - sin a + 1) + 2|a 0 1 + 2 sin a ^ |a ^ ] , for i? > 1 

j=\,j*n-k 

and 

M 3 =|a 0 | + + |a„|)(cosa + sin a + 1) - |a nHl |(cos a - sin a - /I cos a - /I sin a -/L + 1) 

n-l 

- r|a 0 |(cos a - sin a + 1) + 2|a 0 1 + 2 sin a ^ |a y - 1] , for R < 1 . 

j=l,j*n-k 

R 

If \ a n-k > k'- e -^ < 1 > then the number of zeros of P(z) in z < — (R > 0, C> 1) does not exceed 

C 

1 , M 4 



log- , 
logc \a 0 \ 

Where 

M 4 = [(\p\ + \a n |)(cos a + sin a + 1) + \a n _ k |(cos a + sin a - /L cos a + /L sin a - X + 1) 

n-l 

- r\a Q |(cos a - sin a + 1) + 2|a 0 1 + 2 sin a fori?>l 

j=l,j*n-k 

and 

M 4 = |a 0 1 + R[(\p\ + \a n |)(cos a + sin a + 1) + \a n _ k |(cos a + sin a - /I cos a + Xsma - X + \) 

n-l 

- r|fl 0 |(cos« - sin a + 1) + |a 0 | + 2 sin a ^|«;|] for/?<l. 

Remark 2: Taking R=land C = — ,0 < (J < 1 , Theorem 1 reduces to Theorem E. 

8 

For different values of the parameters R, c, k, X, T , we get many other interesting results. 

2. Lemmas 

For the proofs of the above results we need the following results: 

Lemma 1: If f(z) is analytic in z ^ R ,but not identically zero, f(0) ^ 0 and 



f(a k ) = 0, k = 1,2, , n , then 

1 

2n 



' J o 2?r log|/(Re i£? |^-log|/(0)| = Xlog R 



7=1 a a 
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Lemma 1 is the famous Jensen's theorem (see page 208 of [1]). 

II II I I T 

Lemma 2: If f(z) is analytic and \ f(z)\ < M(r) in \z < r , then the number of zeros of F(z) in z < — , c > 1 



does not exceed 



1 , M(r) 
log 



logc °|/(0)| 
Lemma 2 is a simple deduction from Lemma 1. 

OO 

Lemma 3: Let P(z) = '^ J a jZ j be a polynomial o f degree n with complex coefficients such that for some 

7=0 

I I 7£ 

real a, /? , |arg a - - /?| < a < — ,0 < j < n, and 

1 > |a 7 -_] |,0 < j < n, then any t>0, 

|to^ - a._ x | < {t\a.j | - |) cos a + {t\a.j | + |a^_j |) sin a .s 
Lemma 3 is due to Govil and Rahman [3]. 

3.Proofs of Theorems 
Proof of Theorem 1: Consider the polynomial 

F(z) = (l-z)P(z) 

= (l-z)(a n z n +a n _ 1 z n ~ 1 + + a l z + a 0 ) 

n+l . / \ n , . / \ n—k+1 . / \ n—k 

= -a n z +(a n -a n _ 1 )z + + (a n _ k+1 -a n _ k )z +(a n _ k -a n _ k _ x )z 

+ ( a n-k-i -a n _ k _ 2 )z n ~ k ~ A + + (a l -a 0 )z + a 0 

= -(a„ +ij3 n )z n+1 +(a n -a n _,)z" + + (a n _ k+1 -a n _ k ) z - k+1 

+ (<x n - k -<* n - k -i)z n - k +(a n _ k _ 1 -a n _ k _ 2 )z"- k - l + + (a 1 -ra 0 )z 

n 

+ (t - l)a 0 z + a 0 + i£ (Pj ~ Pj-,)z j + ij3 0 

If a n-k-l > a n-ki then 

F(z) = -(«„ + ifi H )z n+l -pz"+(p + a„- a n _ x )z" + + (a n _ M - a n _ k ) z - k+1 

n—k s -i i\ „ n—k . / „ \ n-k-l 



+ (Aa n _ k -a n _ k _ l )z n ~ -{X-\)a n _ k z n ~ + (a n _ k _, - a n _ k _ 2 )z"~ ~ +. 



+ (a l -ra Q )z + (T -l)a 0 z + a 0 + 1^(0 j -Pj-i) z ' + i Po- 

7=1 

For |z| < R , we have by using the hypothesis 

\F{z)\<\a n \R n+x +\P n \R n+l +\p\R" +\p + a n -a^R" + + \a M -a n _ k \R n ~ M 

+ \Aa n _ k -a n _ k _ x \R n ~ k +\X-\\a n _ k \R n ~ k 

+ Vn- k -i ~ ^n-k-i\ RM + + h - ™o\ R + (1 - r)\a Q \R 

+ \a 0 \ + \^\ + f j (\^\ + \^_ l \)RJ 

7=0 

< R n+1 [2p + \a n \ + a n +(A- l)a n _ k l\\a n _ k \ - r(\a 0 \ + a 0 ) + 2\a Q \ + 2^ |] 

7=0 

for R > 1 

and 

www.ijeijournal.com Page I 43 



Zeros of a Polynomial in a given Circle 



< \a 0 1 + R[2p + \a n \ + a n +(A- l)a n _ k +\A- l\\a n _ k \ - r(\a 0 \ + a 0 ) + \a 0 \ + \fi 0 \ + 2]T | 

7=1 

for R < 1 . 

Hence by Lemma 2, the number of zeros of F(z) in z < — (R > 0, C> 1) , does not exceed 

C 



1 , 

log 



R n+ > [2p + \a n \ + a n +(A- l)a n _ k + \A- \\\a n _ k \ - z(\a 0 \ + a 0 ) + 2\a 0 \ + 2^ \P j |] 



7=0 



log c \a 0 | 

for R > 1 

and 



1 , 

-log 



i 0 1 + fl[2p + \a n \ + a„ l)a n _ k l\\a n _ k \ - r(\a 0 \ + a 0 ) + |a 0 1 + \/3 0 \ + 2^ |] 

7=0 



logc 

for R<1. 

If «„-* ><V*+i> then 

F(z) = -(a„ + z/?„)z" +1 -pi" +(p + a n -a n _ x )z n + + (a n _ M -Aa n _ k ) z - k+l 

+ {a n _ k -a n _ k _,)z n - k -{l-A)a n _ k z M +(cc n _ k _ 1 - a n _ k _^z n - k ~' + 



+ (a, - a 0 )z + a 0 + i£09j - /^z 7 + i/3 0 . 

7=1 

For |z| -= R , we have by using the hypothesis 

\F(z)\<\a n \R n+1 + \P n \R" +1 +\p\R" +\p + a n -a n _ x \R n + + |a^ +1 -^JT** 1 

+ - a„_,_ 2 |* n "* _1 + + \a { - ra Q \R + (1 - t)\cc 0 \R 

+kl+lAl+S(|A-l + lA-i|) /? ' 

7=0 

< [2p + |a„ | + cc n + (1 - A)a n _ k + |l - | - r(|a 0 1 + « 0 ) + 2|a 0 1 + 2^ |/?, |] 

7=0 

for R > 1 

and 

< |a 0 1 + R[2p + \a n \ + a n + (1 - A)«„_ lt + |l - A||a„_ t | - r(|« 0 1 + a 0 ) + \a 0 \ + \/3 0 \ + 2^ \p j | 



7=1 



for R < 1 . 

Hence by Lemma 2, the number of zeros of F(z) in| z | < — (/? > 0, c> 1) does not exceed 

! c 



' log 



R n+l [2p + \a n \ + a n +(l- A)a n _ k + |l - X\\a n _ k \ - r(\a 0 \ + a 0 ) + 2\a 0 \ + 2^ |yff . |] 



7=0 



logc 

for R > 1 

and 

\a 0 1 + ^[2/3 + \a n | + «„ + (1 - X)a n _ k + |1 - A||«„_ t | - r(|a 0 1 + « 0 ) + \a 0 \ + \j3 0 \ + 2^ |/?, |] 

1 , ;=0 

log 



log c \a 0 1 

for i? < 1 

That proves Theorem 1 completely. 
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Proof of Theorem 4: Consider the polynomial 

F(z) = (l-z)P(z) 

= (l-z)(a n z" +a n _ l z n ~ 1 + + a lZ + a 0 ) 

= -a n z +(a n -a n _ 1 )z + + (a n _ k+1 -a n _ k )z + (a n _ k -a n _ k _ x )z 

+ («„-*-! -a„_ k _ 2 )z"~ k ~' + + (a l -a 0 )z + a 0 

If k-n|>K-*M- e - A>l,then 

F(z) = -a n z n+1 -Pi n +(p + a n -a n _ x )z n + + (a n _ k+l -a„_ k )z"- k+1 

+ (^ n - k ~a M )zT* -(A-V)a n _ k z- k +(a n _ k _ 1 -a n _ k _ 2 )z M + 

+ (a x -ra () )z + (T-Y)a Q z + a 0 
so that for |z| < R , we have by using Lemma 3, 

\F(z)\<\a n \R n+1 + pR" +\p + a n -a n _,\R n + + \a n _ k+i -a n _ k \R n - k+1 +\Aa n _ k -a M \R~* 

+ \* ~ l|k-* |^""* + W-k-x - "n-k-i \ rM + + \a 1 -m 0 \R + (X- r)\a Q \R + \a 0 \ 

< R n+X [\a n | + p + (\p + a n | - |a n _j |) cos a + (\p + a n | + \a n _ x |) sin a + 

+ (k-* + i I - K-k |) cos a + (\ a n- k+l I + K-t |) sin a + U - l)|a„_ t | 

+ (A a n-k I - |fl„_*-i |) cos a + U|a„_* | + |fl„-*-i |) sin a 

+ | " \a n -k-i |) cos a + (|a„-*-i | + k-*- 2 1) sin a + 

+ (|aj | - r|a 0 1) cos « + (|flj | + r|a 0 1) sin a + (1 - r)|a 0 1 + |<2 0 1] 

< [(p + |a n |)( cos « + sin a + 1) - |a„_ t |(cos a - sin a - /I cos a 

-/isina-2 + 1)- r\a Q |(cos a - sin a + 1) + 2|a 0 1 + 2 sin a ^ |a,- 1 ] 

j=hj*n-k 

for R>\ 

and 

< |a 0 1 + R[(p + \a n |)(cos a + sin a + 1) - |a B _ t |(cos a - sin a - X cos a 

— A. sin « — A + 1) — r|a 0 |(cos a — sin « + 1) + \a 0 1 + 2 sin « ^ | ] 

j=l,j¥=n—k 

for i? < 1 

/? 

Hence , by Lemma 2, the number of zeros of F(z) and hence P(z) in Z < — (R > 0, C > 1) does not exceed 

C 

log, r ' 

logc \a 0 \ 

where 

M 3 =R n+l [(\p\ + |a n |)(cosa + sin a + 1) -\a n _ k \(cosa - sin a - 1 cos a - X sin a - 1 + 1) 

- r\a 0 |(cos a - sin a + 1) + 2|a 0 1 + 2 sin a ^ k |] > for /? > 1 

j=\,j*n-k 

and 

M 3 =|a 0 | + + k|)(cosa + sin a + 1) - \a n _ k |(cos a - sin a - /I cos a - /I sin a - A, + 1) 

«-i 

- r|a 0 |(cos a - sin a + 1) + 2|a 0 1 + 2 sin a ^ |a y . |] , for R < 1 . 

j=\,j*n-k 

If k-J>k-* + i|.i-e. A<l,then 



www. ij eij ournal. com 



Page I 45 



Zeros of a Polynomial in a given Circle 



F(z) = ~a n z n+l ~ Pz" + (P + a n - a n _ x )z" + + (a n _ k+i - Aa n _ k 

, / \ n—k /-t n\ n—k+l , / \ n—k—l , 

+ (a n _ k -a n _ k _ 1 )z -(1-X)a n _ k z + {a n _ k _ l - a n _ k _ 2 )z +. 



+ -a 0 )z + a 0 
so that for |z| < R , we have by hypothesis and Lemma 3, 

\F(z)\<\a n \R n+l + pR" +\p + a n -a n _,\R n + + \a M - Aa n _ k \R n ~ M +\a n _ k -a M \R~* 

yn-k+\ 1 I _ I r>n-k-l 



+ 1-A \aAR n -^ +\a n _ k _ x -a n _ k _ 2 R-^ +. 



+ \a l -Ta 0 \R + (l-r)\a Q \R + \a 0 \ 

< R n+l [\a n | + p + (\p + a n | - \a n _ x |) cos a + (\p + a n \ + |a n _j |) sin a + 

+ (\a n _ k+l | - A,\a n _ k |) cos a + (\a n _ k+i \ + X\a n _ k |) sin a + |l - A\\a n _ k \ 

+ (K-A | - \a n -k-i |) cos a + (\ a n~ k I + K-A-i |) sin a 

+ (k-*-i | " K-A-2 1) cos a + (\ a n- k -i | + k-*- 2 |) sin « + 

+ (k | — 2"k |) cos or + ([a, | + r|a 0 1) sin a + (1 — r)|a 0 1 + |a 0 1] 

< R n+X [(p + \a n |)(cos a + sin a + 1) + |a nHt |(cos a + sin a - /I cos a 

n-l 

+ X sin a + 1 - 1) - r\a 0 |(cos a - sin a + 1) + 2|a 0 1 + 2 sin a ^|a ; .|] 

fox R>\ 

and 

< |a 0 1 + R[(p + \a n |)(cos a + sin a + 1) + |a B _ t |(cos a + sin a - A. cos a 

n-l 

+ 1 sin a + 1 - X) - r\a 0 |(cos a - sin a + 1) + |a 0 1 + 2 sin a ^ |a ; . |] 

j=hj*n-k 

for 7?<1. 

Hence the number of zeros of P(z) in d < — (R > 0, C> 1) does not exceed 

C 

1 , M 4 



logc 
Where 

M 4 = [(|p| + |a n |)(cos a + sin a + 1) + \a n _ k |(cos a + sin a- A, cos a + /I sin a - A + 1) 

«-i 

- r\a 0 |(cos a - sin a + 1) + 2|a 0 1 + 2 sin a fori?>l 

j=l,j*n—k 

and 

M 4 = |a 0 1 + R[(\p\ + \a n |)(cos a + sin a + 1) + \a n _ k |(cos a + sin a - 1 cos a + /I sin a - 1 + Y) 

n-l 

-z"|a 0 |(cosa-sina + l) + |a 0 | + 2sina ^ \a , |] fori?<l. 

j=l.j*n-k 

That completes the proof of Theorem 3. 
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